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Abstract—In this paper, we analyze the effects of random sam-
pling on adaptive diffusion networks. These networks consist in
a collection of nodes that can measure and process data, and that
can communicate with each other to pursue a common goal of
estimating an unknown system. In particular, we consider in our
theoretical analysis the diffusion least-mean-squares algorithm
in a scenario in which the nodes are randomly sampled. Hence,
each node may or may not adapt its local estimate at a certain
iteration. Our model shows that a reduction in the sampling
probability leads to a noticeable deterioration in the convergence
rate, and, if the nodes cooperate, to a slight decrease in the steady-
state Network Mean-Square Deviation (NMSD), assuming that
the environment is stationary and that all other parameters of
the algorithm are kept fixed. Furthermore, we also investigate the
effects of the random node sampling on the network stability.

Index Terms—Adaptive diffusion networks, distributed signal
processing, sampling, stability, asynchronous networks.

I. INTRODUCTION

ADAPTIVE diffusion networks have attracted widespread
attention in the distributed signal processing literature

over the past decade and a half, and have become consolidated
tools in the area [1]–[10]. They consist in a set of connected
agents, or nodes, that are able to measure and process data
locally, and that can communicate with other nodes in their
vicinity. The network formed by these agents has a collective
goal to estimate a parameter vector of interest, without the
need for a central processing unit [1]–[10]. Hence, they present
better flexibility, scalability, and robustness than centralized
approaches, whose central unit represents a critical point of
failure, and limits the area where the nodes can be deployed.

In order to enable the distributed learning of the parameters,
each node usually computes its own local estimate in what is
known as the adaptation step. Then, the neighboring nodes
cooperate to reach a global estimate of the vector of interest.
This stage is usually referred to as the combination step [1]–
[11]. Due to their advantages in comparison with other
distributed settings, such as the incremental [12], [13] and
consensus [14], [15] strategies, adaptive diffusion networks
have branched out into many different research topics. Exam-
ples include multitask networks [16]–[19], nonlinear adaptive
networks [20]–[23], among others. Moreover, the field of
graph signal processing (GSP) has drawn inspiration from
these techniques, since its applications are usually distributed
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in nature [9], [10], [24], [25]. Hence, many graph adaptive
filtering algorithms can be seen as an extension of adaptive
diffusion networks to domains where space, as well as time,
plays a role in the development of the signals of interest [26].

For the feasibility of these solutions, it is oftentimes desir-
able to restrict the amount of data measured and processed
by the nodes. However, this process can have a negative
effect on the network performance. For this purpose, we
proposed in [26] and [28] adaptive mechanisms that control
the amount of data measured and processed by the nodes
according to the estimation error, so as to mitigate the impacts
on the performance. In both papers, we adopted a random
sampling technique as a benchmark to compare the proposed
solutions with. In this scheme, a node that is sampled adapts
its estimates normally, while a node that is not sampled is
exempt from performing certain calculations. When using this
random sampling method, two things occur as we decrease
the number of nodes sampled per iteration. In the steady state,
the Network Mean-Square Deviation (NMSD), a performance
indicator, slightly decreases, so long as the environment is
stationary and the nodes cooperate, but the convergence rate
deteriorates noticeably in the transient phase. Next, we provide
some preliminary simulation results to illustrate this. The
discussion on the results presented will help us motivate the
present work.

A. Introductory Simulations and Motivation

We show in Fig. 1 simulation results obtained with
the adapt-then-combine diffusion Least-Mean-Squares (ATC
dLMS) algorithm [1]–[5] with a random sampling technique.
In this setup, each node is sampled with probability pζ , or not
sampled with probability 1�pζ . This algorithm will be revis-
ited in detail in Sec. II. We consider the Scenario 1 described
in Sec. V, and compare the NMSD of the algorithm along the
iterations for different values of pζ P t0.1, 0.25, 0.5, 0.75, 1u.

From Fig. 1, we can clearly see that as we decrease the
sampling probability, the convergence rate becomes evidently
slower, while the steady-state NMSD is slightly reduced. In
relation to the case in which every node is sampled, i.e., pζ �
1, the curve obtained with pζ � 0.1 achieves a steady-state
NMSD that is approximately 3.5 dB lower, but this comes at
the expense of a noticeably impaired convergence rate. In order
to better understand these phenomena, our goal in this paper
is to investigate the effects of random sampling on adaptive
diffusion networks.
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Fig. 1: Performance of the ATC dLMS algorithm with a
random sampling technique, considering different sampling
probabilities pζ , in the Scenario 1 described in Sec. V.

B. Relations with Other Works and Major Contributions

To the best of our knowledge, interpretations for these phe-
nomena have not been provided in the literature. For example,
in [29]–[31], a scenario was considered in which some of
the nodes are not capable of performing the adaptation step.
These are referred to as “uninformed” nodes, in contrast with
the “informed” nodes, which can perform it. In those works,
it was shown that, in comparison with a network in which
every node is informed, the convergence rate is deteriorated,
but the steady-state NMSD can decrease, increase, or remain
unchanged, as we turn some of the nodes into uninformed
ones. However, differently from the scenario considered in the
simulations of Fig. 1, informed nodes carry out the adaptation
step at every time instant, whereas uninformed nodes never do
so. This differs from the behavior observed in Fig. 1, in which
the nodes are sampled randomly. Furthermore, in [32]–[34],
the authors study networks in which the adaptation and com-
bination steps are not necessarily carried out simultaneously
by all the nodes at every iteration. These networks are referred
to as “asynchronous”, in contrast with the “synchronous” ones
that appear, e.g., in [1]–[5]. From this perspective, the random-
sampling network used in the simulations of Fig. 1 can be
deemed as a type of asynchronous network. However, in those
papers, the phenomena seen in Fig. 1 were not illustrated.

Next, we provide a list of the most relevant contributions
of this paper in comparison with previous works:

 We obtain theoretical results that describe the effects of
the random sampling of the nodes on the transient and
steady-state behaviors of the dLMS algorithm observed
in Fig. 1. Furthermore, and perhaps more importantly, our
analysis helps us explain why these effects occur, and to
what we may attribute them;

 Different from the studies conducted in [32]–[34], which
are based on the Energy Conservation Argument – a
powerful tool for the analysis of adaptive algorithms [35]
–, ours analysis utilizes a traditional statistical frame-
work [36], [37], which facilitates the interpretation of

some results;
 Several simulation results are presented considering dif-

ferent scenarios, therefore abundantly illustrating the
phenomena of interest and the theoretical results. In
particular, we present simulation results that showcase
the effects of the sampling of the nodes on the stability
of the algorithm, which depends on the selection of the
combination weights and on the network topology;

 We study the impact of the random node sampling on the
computational cost.

We remark that our goal in this paper is not to motivate
the usage of the random sampling technique of Fig. 1, but
just to study the effects of the sampling of the nodes. As
our analysis will show, the random sampling hinders the
performance of the network in comparison with the case in
which every node is sampled, if the step sizes are adjusted
to obtain the same convergence rate with both versions of the
algorithm. Regardless, we believe that a better understanding
of the effects of sampling can lead to some insights into the
inner workings of adaptive diffusion networks.

C. Organization of the Paper and Notation

The remainder of this paper is organized as follows. In
Sec. II, we present the problem formulation. In Sec. III, we
conduct a theoretical analysis on the behavior of adaptive
diffusion networks, and on the effects of sampling on them.
In Sec. IV, the impact of sampling on the computational cost
is analyzed. Finally, in Secs. V and VI, we present simulation
results and the main conclusions of our work, respectively.
Notation. We use normal font letters for scalars, boldface
lowercase letters for vectors, and boldface uppercase letters
for matrices. Moreover, p�qT denotes transposition, Et�u the
mathematical expectation, r�sℓk the element of a matrix at
its ℓ-th row and k-th column, rankr�s the rank of a matrix,
Trr�s its trace, δij the Kronecker delta function of i and
j, } � } the Euclidean norm, | � | the absolute value, { the
difference between two sets, b the Kronecker product, and
d the Hadamard product. We denote the L�L identity matrix
by IL, an L by M matrix of zeros by 0L�M , and an L
by M matrix of ones by 1L�M . When referring to L-length
column vectors of zeros or ones, we respectively write 0L

and 1L. We denote by vect�u the vectorization of a matrix by
stacking all of its columns to form a column vector. Lastly,
we denote by diagt�u the aggregation of the arguments into
a diagonal matrix. To simplify the arguments, we assume real
data throughout the paper.

II. PROBLEM FORMULATION

Let us consider a network consisting of V nodes, with labels
k P t1, � � � , V u. For each node k, we call the set of nodes
with which it can communicate, including node k itself, its
neighborhood, and we denote it by Nk. We assume that each
node k has access at each iteration n to an input signal ukpnq
and to a desired signal dkpnq, which we model as [1]–[5]

dkpnq � uT
kpnqwo � vkpnq, (1)
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where wo is an M -length column vector that represents
an unknown system, oftentimes referred to as the optimal
system in the adaptive filtering literature [1]–[5], and ukpnq �
rukpnq ukpn� 1q � � � ukpn�M � 1qsT is a regressor vector
formed by the last M samples of the input signal. Finally,
vkpnq is the measurement noise at node k.

The goal of the network is to obtain an estimate w of wo

in a distributed manner by solving [1]–[5]

min
w

Jglobalpwq�min
w

V̧

k�1

Jkpwq, (2)

where Jkpwq are local cost functions at each node k. A
common choice for the Jkpwq, k � 1, � � � , V is the mean
squared error (MSE) [35], [36], in which case each node k
should seek, at every iteration n, to minimize [1]–[5]

Jkpwq�Etrdkpnq�uT
kpnqws2u. (3)

To this end, each node k computes a local estimate of wo

in order to minimize its individual cost function Jkpwq. For
this purpose, it uses the data available locally, as well as
the estimates by neighboring nodes. This is known as the
adaptation step. Then, the node k cooperates with its neighbors
to form a combined estimate in what is called the combination
step. Depending on how the adaptation step is carried out,
different algorithms can be obtained. Examples include the
dLMS algorithm [1]–[5], the diffusion recursive least squares
(dRLS) [6], diffusion Normalized LMS (dNLMS) [26], [28],
[38], diffusion Affine Projection Algorithm (dAPA) [7], among
others [39], [40]. For simplicity, we focus our analysis in this
paper on the dLMS algorithm, which is obtained by adopting
an LMS-type of strategy [35], [36] for the update of the local
estimates. Considering a scenario in which each node k may
or may not update its local estimate at each iteration n, the
adaptation and combination steps of the dLMS algorithm are
respectively given by [1]–[5]$'&'%

ψkpnq�wkpn� 1q�µkζkpnqukpnqekpnq
wkpnq �

¸
iPNk

cikψipnq.
(4a)

(4b)

where ψk and wk are the local and combined estimates of wo

at node k, respectively, µk ¡ 0 is a step size,

ekpnq � dkpnq � uT
k pnqwkpn� 1q (5)

is the estimation error at node k, and ζkpnqPt0, 1u is a binary
variable such that ζkpnq�1 if node k is sampled, and ζkpnq�
0 otherwise. In the former case, ψkpnq is updated as usual
in the dLMS algorithm [1]–[5]. In contrast, when node k is
not sampled, uT

k pnqwkpn � 1q and ekpnq do not need to be
computed, as (4a) becomes simply ψkpnq�wkpn�1q. Lastly,
cik are combination weights satisfying [1]–[5]

cikpnq¥0,
¸
iPNk

cikpnq�1, and cikpnq�0 for iRNk. (6)

There are several possible rules for the selection of the
combination weights. For instance, if we adopt cik � 1 if
i � k and cik � 0 otherwise, this corresponds to a setup in

which the nodes do not exchange their local estimates. This
is oftentimes referred to as the non-cooperative approach in
the literature [1]–[5], and can be seen as a scenario in which
V adaptive filters try to solve (2) isolated from each other.
Cooperative strategies include the Uniform, Metropolis, and
Hastings rules, among others [1]–[3]. Moreover, several adap-
tive schemes have been proposed in the literature [8], [41]–
[43], in which the combination weights cikpnq are adjusted
along the iterations. For simplicity, in our analysis we only
consider static combination weights. In Table I, we provide a
summary of the static rules considered in the simulations.

TABLE I: Summary of some static rules for the selection of
the combination weights most widely adopted in the literature.

Name Equations

Non-coop. [1]–[5] cik�

#
1, if i � k

0, otherwise

Uniform [1]–[5] cik�

$'&
'%

1

|Nk|
, if i P Nk

0, otherwise

Metropolis [1]–[5] cik�

$'''&
'''%

1

maxt|Nk|, |Ni|u
, if i P Nk{tku

1�
°

iPNk
cik, if i � k

0, otherwise

When (4a) and (4b) are performed in this order at each
iteration, this corresponds to a configuration known in the
literature as adapt-then-combine (ATC) [1]–[5]. The order of
these steps could be reversed, resulting in the combine-then-
adapt (CTA) configuration. In this paper, we focus on the ATC
protocol, but the results can extended to the CTA dLMS.

III. THEORETICAL ANALYSIS

In our analysis, we are especially interested in the NMSD,
a commonly adopted performance indicator, defined as [1]

NMSDpnq � 1

V

V̧

k�1

MSDkpnq, (7)

in which MSDk is the mean-square deviation at node k,
given by

MSDkpnq � Et}rwkpnq}2u, (8)

where we have introduced the weight-error vector

rwkpnq � wo �wkpnq. (9)

For compactness of notation, it is convenient to introduce the
quantities

βijpnq � EtrwT
i pnqrwjpnqu (10)

for i � 1, � � � , V and j � 1, � � � , V . It is worth noting that

βkkpnq � Et}rwkpnq}2u � MSDkpnq. (11)

We then introduce the matrix Bpnq such that rBpnqsij �
βijpnq, i.e.,

Bpnq �

������
β11pnq β12pnq � � � β1V pnq
β21pnq β22pnq � � � β2V pnq

...
...

. . .
...

βV 1pnq βV 2pnq � � � βV V pnq

������ , (12)
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which allows us to recast the NMSD as

NMSDpnq � 1

V
TrtBpnqu. (13)

Furthermore, defining the V 2 � 1 vectors

βpnq � vectBpnqu � rβ11pnq β21pnq � � � βV V pnqsT (14)

and b � vectIV u, and recalling that

TrtM1M2u � vectM1uTvectM2u (15)

for any arbitrary matrices M1 and M2 of compatible dimen-
sions, (13) can be written as

NMSDpnq � 1

V
TrtBpnqu � 1

V
bTβpnq. (16)

Resuming our analysis, by subtracting both sides of (4a)
from wo, and replacing (1) and (5) in the resulting equation,
after some algebraic manipulations, we can writerψkpnq � rIM � µkζkpnqukpnquT

k pnqsrwkpn� 1q
� µζkpnqukpnqvkpnq,

(17)

where we have introducedrψkpnq � wo �ψkpnq. (18)

On the other hand, from (4b), we observe that

rwkpnq �
¸
iPNk

cik rψipnq. (19)

If we multiply both sides of (19) by rwT
k pnq from the left,

and use (4b) again, we obtain after some algebra

}rwkpnq}2 �
¸
iPNk

¸
jPNk

cikcjk rψT

j pnqrψipnq. (20)

Replacing (17) in (20), we obtain

}rwkpnq}2 �
¸
iPNk

¸
jPNk

cikcjk

�
!
rIM�µjζjpnqujpnquT

j pnqsrwjpn�1q

� µjζjpnqujpnqvjpnq
)T

�
!
rIM�µiζipnquipnquT

i pnqsrwipn�1q
�µiζipnquipnqvipnq

)
.

(21)

To examine the MSD of node k, we need to take the
expectations from both sides of (21). At this point, we make
a few assumptions to make the analysis more tractable, all of
which are common in the related literature [1]–[3], [35]–[37]:
A1. All the nodes in the network employ the same step size,

i.e., µ1 � � � � � µV � µ ¡ 0;
A2. The weight error vectors rwipn � 1q are statistically

independent of ujpnq for any pair i and j. This is a multi-
agent version of the independence theory, a common
assumption in the adaptive filtering literature [35], [36];

A3. The measurement noise vkpnq is zero-mean with variance
σ2
vk

, independent and identically distributed (iid), and
independent from any other variable for k � 1, � � � , V ;

A4. The input signals are zero-mean and white Gaussian with
variance σ2

u1
� � � � � σ2

uV
� σ2

u ¡ 0. In other words, the
autocorrelation matrices Ruk

� EtukpnquT
k pnqu, k �

1, � � � , V are the same, and are proportional to the identity
matrix, i.e., Ru1

� � � � � RuV
� σ2

uIM ;
A5. For every node k, ζkpnq is independent from any other

variable, and drawn from a Bernoulli distribution, such
that ζkpnq � 1 with probability pζ and ζkpnq � 0 with
probability 1�pζ . We remark that we are assuming that pζ
is the same for every node in the network. Furthermore,
for any pair of distinct nodes, ζipnq and ζjpnq, i � j, are
statistically independent from each other;

A6. At any time instant n, uipnq is statistically independent
from ujpnq for any pair of nodes i and j, i � j.

With these assumptions at hand, we can continue with our
analysis. For the sake of brevity, we shall omit here the
intermediate steps and focus on the main results obtained
from (21). These results are justified in detail in Appendix A.
For the scenario described, using (6), we can obtain

βkkpnq�θ
V̧

i�1

c2ikβiipn� 1q

�τ
V̧

j�1

V̧

ℓ�1
ℓ�j

cjkcℓkβjℓpn�1q�µ2pζMσ2
u

V̧

q�1

c2qkσ
2
vq, (22)

where for the sake of compactness we have introduced

θ � 1� 2µpζσ
2
u � µ2pζσ

4
upM � 2q (23)

and
τ � 1� 2µpζσ

2
u � µ2p2ζσ

4
u. (24)

Hence, we can see that MSDkpnq depends on the MSD
of its neighbors at the previous iteration, as well as on the
trace of the cross correlation matrices between rwjpn�1q andrwℓpn� 1q, i.e., βjℓpn � 1q � EtrwT

j pn � 1qrwℓpn � 1qu, for
every pair of nodes j and ℓ in the neighborhood of node
k. The impact of each of these terms on the behavior of
node k depends on µ, σ2

u, cik for i P Nk (and, therefore,
on the network topology), and, in the case of the MSD’s of
neighboring nodes, on the filter length M . Finally, the noise
variance in the neighborhood also influences directly the MSD
of node k.

From (22), it becomes evident that we also need to study
how the trace of the cross-correlation matrix of rwjpnq andrwℓpnq, with j � ℓ, evolves over time. Again, we focus on the
main result and leave the details for the Appendix A. Using
assumptions A1 to A6, we can obtain the following recursion:

βjℓpnq � θ
V̧

t�1

ctjctℓβttpn� 1q

�τ
V̧

r�1

V̧

s�1
s�r

crjcsℓβrspn�1q�µ2pζMσ2
u

V̧

z�1

czjczℓσ
2
vz. (25)

Next, we analyze in Sec. III-A the special case of the
non-cooperative approach, as it is more straightforward and
enables us to draw some qualitative conclusions about this
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type of scenario. Then, in Sec. III-B, we resume our analysis of
Eqs. (22) and (25) for the general case. Later on, in Sec. III-C,
we derive an approximate model for the cooperative strategies
that will provide us with valuable insights.

A. The Non-Cooperative Case

For the non-cooperative case, the analysis is straightforward.
Since in this case we have ckk�1 for any k�1, � � � , V , and
cik�0 if i�k, we can recast (22) as

βkkpnq � θβkkpn� 1q � µ2pζMσ2
uσ

2
vk
. (26)

Assuming βkkp0q � }wo}2, by recursively applying (26) we
get

βkkpnq � θn}wo}2 � µ2pζMσ2
uσ

2
vk

n�1̧

ni�0

θni . (27)

Assuming that |θ|   1, we have that limnÑ8 θn � 0. At this
point, it is worth noting that we can write

τ � p1� µpζσ
2
uq2 ¥ 0 (28)

and
θ � τ � µ2pζσ

4
upM � 2� pζq ¥ τ, (29)

where the equality only occurs if pζ � 0, in which case θ�
τ�1. Assuming pζ¡0, we notice that θ 1 if, and only if

0   µ   2

pM � 2qσ2
u

, (30)

where we have incorporated the fact that µ¡0. In this case, we
can write

°n�1
ni�0 θ

ni� 1�θn

1�θ . Thus, considering (7) and (11), by
applying some algebraic manipulations to (27), we can write
the NMSD as

NMSDncpnq � p}wo}2 � χncqθn � χnc, (31)

with

χnc �
µM

2� µσ2
upM � 2q �

°V
k�1 σ

2
vk

V
. (32)

Taking the limit limnÑ8 NMSDncp8q in (31) yields

NMSDncp8q � χnc. (33)

Therefore, we can clearly see that χnc given by (32) represents
the steady-state value of the NMSD for the non-cooperative
strategy. It is interesting to notice that pζ does not appear
in (32). Thus, the sampling probability does not affect the
steady-state NMSD of the algorithm in the non-cooperative
approach whatsoever, so long as pζ¡0. If pζ�0 were chosen,
we would obtain θ�1, and, from (26), we would get βkkpnq�
}wo}2 for every iteration n. This is reasonable, since in this
case the nodes would never acquire any information on wo.

There are a couple more things to notice from the previous
analysis. Firstly, we remark that (32) agrees with existing
results in the literature for the steady-state NMSD of non-
cooperative networks when all the nodes are sampled and
employ sufficiently small step sizes [1]. Moreover, taking into

account that, for a single LMS filter, it is a well-known result
that its MSD can be approximated by [35], [36]

χLMS �
µMσ2

v

2� µσ2
upM � 2q (34)

for sufficiently small step sizes, we see from (32) that the
steady-state NMSD of the non-cooperative approach is simply
the average of the MSD’s of V individual LMS filters working
isolated from one another, with each filter k subjected to a
certain noise power σ2

vk
. This conclusion makes sense, since

there is no cooperation between the nodes. Lastly, we remark
that (30) is simply the condition for the stability of an LMS
filter in the mean [35], [36]. Therefore, we can interpret (30)
as follows: so long as pζ ¡ 0, if we pick a step size µ that
leads to the individual stability of each filter in the network,
the network as a whole will be stable, regardless of the value
of pζ .

Finally, we notice that in (31) the term p}wo}2 � χncqθn
decays exponentially along the iterations. Assuming that this
term is dominant during the transient phase in comparison with
χnc, we conclude that the closer θ is to unity, the slower the
convergence rate. From (23), we can clearly see that

lim
pζÑ0�

θ � 1. (35)

This indicates that the lower the sampling probability, the
slower the convergence.

From the previous discussion, we can summarize the effects
of sampling on the behavior of non-cooperative networks as
in the following result.

Result 1 (Non-cooperative networks). In the case of the non-
cooperative networks, the stability of dLMS is ensured if (30)
holds and 0   pζ ¤ 1. Under these conditions, the lower
the sampling probability pζ , the slower the convergence rate.
Moreover, the steady-state NMSD is completely unaffected by
pζ . This result follows as a direct consequence of Eqs. (31)–
(33) and (35).

B. The General Case

Let us now resume our analysis for a more general case,
encompassing the cooperative strategies as well. From (22)
and (25), we observe that βkkpnq can be seen as a linear
combination of the βiipn�1q and βjℓpn�1q, plus the constant
term µ2Mσ2

u

°
qPNk

c2qkσ
2
vq . This becomes clear if we expand

the first two summations in (22), i.e.,

βkkpnq�θc21kβ11pn�1q � � � � � θc2V kβV V pn�1q
�τc1kc2kβ12pn�1q�� � ��τcV kcpV�1qkβV pV�1qpn�1q

�µ2pζMσ2
u

V̧

q�1

c2qkσ
2
vq ,

(36)

Analogously, the same can be said about βjℓpnq based on (25).
Hence, we should be able to write

βpnq � Φβpn� 1q � µ2pζMσ2
uσ, (37)

where Φ is a matrix whose k-th row determines how ex-
actly each βijpn � 1q influences the corresponding term in
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the current iteration, and σ is a vector that aggregates the
information from the network topology and noise variance
from the constant terms that appear in (22) and (25).

Let us now aggregate the combination weights into a V �V
matrix C, such that rCsij � cij . Similarly, let us collect the
noise variances in a V � V diagonal matrix Rv , such that its
k-th element is equal to σ2

vk
, i.e.,

Rv �

������
σ2
v1

0 � � � 0
0 σ2

v2 � � � 0
...

...
. . . 0

0 0 � � � σ2
vV

������ . (38)

In this case, we observe that

CRvC
T�

���������������

V̧

k�1

c2k1σ
2
vk

V̧

k�1

ck1ck2σ
2
vk
� � �

V̧

k�1

ck1ckV σ
2
vk

V̧

k�1

ck2ck1σ
2
vk

V̧

k�1

c2k2σ
2
vk

� � �
V̧

k�1

ck2ckV σ
2
vk

...
...

. . .
...

V̧

k�1

ckV ck1σ
2
vk

V̧

k�1

ckV ck2σ
2
vk
� � �

V̧

k�1

c2kV σ
2
vk

���������������
. (39)

Then, we may write the V 2 � 1 vector σ in (37) as

σ � vectCRvC
Tu �

������
°V

i�1 c
2
i1σ

2
vi°V

i�1 ci2ci1σ
2
vi

...°V
i�1 c

2
iV σ

2
vi

������ . (40)

As for the matrix Φ, from (22) and (25) we obtain that

Φ � Ωd Γ, (41)

where we have introduced

Γ � pCbCqT (42)

and
Ω � rΩ1 Ω2 � � � ΩV s, (43)

in which Ωi is a V 2 � V matrix whose elements in the i-th
column are all equal to θ, and whose other elements are all
equal to τ , i.e.

Ωi �

i-th column
Ó����

����
τ � � � τ θ τ � � � τ
τ � � � τ θ τ � � � τ
...

. . .
...

...
...

. . .
...

τ � � � τ θ τ � � � τloooooooooooooooooooomoooooooooooooooooooon
V columns

. (44)

More details on the matrices Φ and Ω are discussed in
Appendix B, but are skipped here for the sake of brevity.

With Eqs. (39) to (44) at hand, we can continue with the
analysis of Eq. (37). Considering an initial condition β0 �
βp0q, the recursive application of (37) leads to

βpnq � Φnβ0 � µ2pζMσ2
u

n�1̧

ni�0

Φniσ. (45)

If the algorithm is initialized with wkp0q�0M for every node
k, we have that rwkp0q�wo. Thus, for any i and j, we have
that βijp0q � EtrwT

i p0qrwjp0qu � EtwT
o wou � }wo}2, and,

consequently,

β0 � }wo}21V 2 . (46)

Using this information in (45) and noting that
°n�1

ni�0 Φ
ni �

rIV 2 �Φs�1rIV 2 �Φns, we get

βpnq�}wo}2Φn1V 2

�µ2pζMσ2
urIV 2�Φs�1rIV 2�Φnsσ. (47)

Thus, considering (47) and (16), we can write

NMSDpnq� 1

V

"
}wo}2bTΦn1V 2

�µ2pζMσ2
ub

TrIV 2�Φs�1rIV 2�Φnsσ
*
.

(48)

It is worth noting that although wo appears in (47) and (48),
we do not need to know it beforehand. Instead, we only need
its norm. This is usually not a problem, since the norm of
the optimal system can be adjusted by using adaptive gain
control. Furthermore, we remark that βijpnq � βjipnq, which
means that the vector βpnq given by (14) has V pV � 1q{2
duplicated entries. Although we could remove these elements
from our model to make it more efficient from a computational
perspective, and make the appropriate modifications where
needed, we opted not to make this change for the clarity
of the exposition. This is due to the fact that we are not
primarily concerned with the computational complexity of the
proposed model, and we believe that the formulation adopted
is more convenient for the calculations. However, we would
like to reinforce that this change is possible, and can reduce
the amount of computations significantly, especially if V is
large. Lastly, it is interesting to notice that we can obtain the
theoretical MSD of the LMS algorithm [35]–[37] as a special
case of (48). In this situation, we have that V � 1, and b, σ, Γ,
Ω and Φ degenerate into b � 1, σ � σ2

v , Γ � 1, Ω � θ and
Φ � θ, respectively. Replacing these results in (48), we get

MSDpnq � p}wo}2 � χLMSqθn � χLMS,

with χLMS given by (34).
From (47) and (48), we can see that the stability of the net-

work in the mean-squared sense is ensured if limnÑ8Φn �
0V 2�V 2 , which occurs if, and only if, [44]

ρpΦq   1, (49)

where ρp�q denotes the spectral radius of a matrix, i.e., the
maximum absolute value of its eigenvalues.
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If (49) holds, by taking the limit of (48) as n Ñ 8, we
conclude that the steady-state NMSD is given by

NMSDp8q � µ2pζMσ2
u

V
bTrIV 2�Φs�1σ. (50)

As will become clear in Sec. V, the model described by (48)
can be very accurate. However, it still does not allow us to
draw many qualitative conclusions about the behavior of the
diffusion algorithm. Thus, further approximations may come
in handy to aid us in this task, as shown next.

C. An Approximate Model for the Cooperative Strategies

Since the columns of the matrix Ω are filled by either τ
or θ, we could adopt Ω� τ1V 2�V 2 or Ω� θ1V 2�V 2 as an
approximation. Making these replacements in (41) leads to
Φ � τΓ or Φ � θΓ, respectively. Due to (29), the second
approximation tends to be more conservative. Replacing it
in (49), and using the fact that for any real scalar α and matrix
M, ρpαMq�|α|ρpMq, we conclude that

θ � ρpΓq   1, (51)

where we used the fact that θ ¡ 0.
Due to (6), C is a left-stochastic matrix, i.e., a matrix whose

entries are all non-negative, and whose columns add up to
one. Consequently, CbC is also a left-stochastic matrix. By
transposing it, we conclude that Γ is a right-stochastic matrix,
i.e., all of its entries are non-negative, and its rows add up
to one. One interesting property of such matrices is that their
spectral radius is always equal to one [44], [45]. Thus, the
condition established by (51) can be recast as simply θ   1.
Replacing (23) in (51) and assuming that pζ ¡ 0, after some
algebra we get (30). Hence, we can observe that our previous
conclusion that if µ lies within a certain range, the sampling
probability pζ does not affect the stability of the algorithm, so
long as pζ ¡ 0, holds for the general case, and not just for the
non-cooperative approach. We remark that (30) corresponds
to ensuring that each individual filter in the non-cooperative
scheme is stable. It is a well-known fact in the adaptive
diffusion networks literature that, if every individual node is
stable, the stability of the network as a whole in a cooperative
scenario is also ensured [1]–[3]. However, we remark that (30)
was obtained considering a worst-case scenario, in which
Φ�θΓ. In practice, (30) is not strictly necessary to ensure the
stability of the algorithm if a cooperative strategy is adopted.
In these cases, greater step sizes may be employed without
making the algorithm unstable.

Next, we seek to derive an approximate model from (48)
and (50) for the cooperative strategies. In this case, simulations
show that adopting Φ � τΓ leads to reasonable results.
It is worth noting, however, that this approximation is not
applicable to the non-cooperative case. Thus, replacing Φ with
τΓ in (48), we conclude that, for cooperative networks, we
may write

NMSDpnq� 1

V

"
}wo}2bTτnΓn1V 2

�µ2pζMσ2
ub

TrIV 2�Φs�1rIV 2�τnΓnsσ
*
.

(52)

We remark that the result of the multiplication Γn1V 2 is a
column vector whose i-th element is the sum of the elements
of the i-th row of the matrix Γn. Since the product of right-
stochastic matrices is also right-stochastic [45], Γn is right-
stochastic, from which we notice that Γn1V 2 � 1V 2 . More-
over, using the fact that bT1V 2 � V , we thus conclude that for
the cooperative strategies, the NMSD is well approximated by

NMSDτ pnq � }wo}2τn � µ2pζMσ2
u

V
� bTrIV 2�τΓs�1rIV 2�τnΓnsσ.

(53)

Analogously to what we observed in Sec. III-A about (31),
the first term in (53) decays exponentially along the iterations.
Assuming that this term is dominant during the transient phase,
we conclude that the closer that τ is to unity, the slower the
convergence rate. From (23) and (24), we note that

lim
pζÑ0�

τ � 1. (54)

Hence, much like in the non-cooperative case of Sec. III-A,
the lower the sampling probability, the slower the convergence
for the cooperative strategies. We remark that this result is in
accordance with Fig. 1.

Finally, let us assume that τ   1, which can only occur if
pζ ¡ 0. In this case, if we take the limit when nÑ8 in (53),
we conclude that the steady-state NMSD of the cooperative
networks can be well approximated by

NMSDτ p8q� µ2pζMσ2
u

V
bTrIV 2�τΓs�1σ. (55)

Eq. (55) clearly depends on the matrix Γ, and, therefore,
on the network topology and combination rule adopted. It also
depends on µ, M , σ2

u, V , and pζ , as evidenced by the factor
µ2pζMσ2

u

V that appears in (55). However, µ, M , σ2
u, and pζ

also influence the value of τ , which in its turn plays a role
in Eq. (55) due to the matrix rIV 2 � τΓs�1. Unfortunately,
there does not seem to be a way of rewriting (55) such that
the dependency of the steady-state NMSD with relation to pζ
is completely explicit. Thus, it is hard to tell exactly how the
sampling probability affects the steady-state performance in
the generic case by just taking glance at Eq. (55). However, as
we shall see in the simulations of Sec. V, the model of Eq. (55)
accurately predicts the effects of the sampling probability on
the performance of cooperative networks.

Even though it is difficult to extract direct conclusions
from (55) for any arbitrary topology without calculating them
explicitly, we can use it as a starting point for obtaining an
upper bound for the steady-state NMSD in the generic case.
Doing so, we do get an explicit relationship with the sampling
probability pζ . If the matrix Γ is symmetric, which certainly
occurs if Metropolis weights are employed, for example, one
can obtain the upper bound given by (56), depicted at the
top of the next page. This result is derived in Appendix C.
We notice from (56) that the upper bound for the steady-state
NMSD decreases as we reduce pζ .

Furthermore, let us also calculate the steady-state NMSD
for a particular case. Next, we consider a network topology



SUBMITTED TO THE IEEE TRANSACTIONS ON SIGNAL PROCESSING 8

NMSDτ p8q¤ µM

2� µpζσ2
u

�

$'''&'''%
1

2V

�����
V̧

i�1

V̧

k�1

c2kiσ
2
vk
�

gffffeV
V̧

i�1

V̧

j�1

���
�� V̧

k�1

ckickjσ2
vk

�2
���
�����
,///.///- . (56)

represented by a complete graph, i.e., one in which every
pair of nodes is directly connected by an edge. A graph with
this topology and V nodes is usually denoted by KV in the
literature. An example with V � 8 nodes is depicted in Fig. 2.

Fig. 2: A network arranged according to the K8 topology.

For the KV topology, the Uniform and Metropolis weights
coincide, and lead to CKV

� 1
V 1V�V and ΓKV

�
1
V 21V 2�V 2 , where the index KV is adopted to refer to this
type of topology with Uniform or Metropolis weights. For the
aforementioned matrix ΓKV

, from (55), we get

NMSDτKV
p8q � χKV

�

µM

2� µpζσ2
u

°V
k�1 σ

2
vk

V 2
. (57)

This result is derived in Appendix D and establishes an explicit
relationship between the steady-state NMSD and pζ in the
case of the network topology given by Fig. 2. Comparing (32)
and (33) with (56) and (57), we observe that the sampling
probability does not affect the steady-state performance of
the non-cooperative strategy, but does influence the steady-
state NMSD of the cooperative schemes. For example, we get
from (57) that

µM

2

°V
k�1 σ

2
vk

V 2
  χKV

¤ µM

2� µσ2
u

°V
k�1 σ

2
vk

V 2
, (58)

i.e., as we reduce the value of pζ , χKV
decreases as well.

The first inequality is obtained by taking the limit of χKV
as

pζ Ñ 0�. This observation is in accordance with the results
from Fig. 1. This reduction in the steady-state NMSD should
be more significant for relatively large values of µ and σ2

u. If
µσ2

u ! 2, however, the impact of sampling becomes negligible.
We remark that (32) and (57) agree with the analysis of [1]–
[3] for the ATC dLMS algorithm with every node sampled and
small step sizes, if we consider pζ�1 in the latter. Lastly, it is
worth noting that (57) only holds for pζ ¡ 0. This is because,
in order to obtain this result, we assumed in our calculations
that τ   1, which can only be true if pζ ¡ 0, as can be seen
from (24). If we consider pζ � 0, we would get τ � 1 and
therefore obtain from (55) that NMSDτ pnq � }wo}2 for every
iteration n, which is in accordance with our expectations.

We can summarize the results of the analysis for the
cooperative networks as in the following result.

Result 2 (Cooperative networks). In the case of the cooper-
ative networks, the stability of dLMS is ensured in the mean-
squared sense if (49) holds, which can only occur if pζ ¡ 0.
If the sampling probability is different from zero, (30) is a
sufficient but not strictly necessary condition for stability of
cooperative networks. Furthermore, if the algorithm is stable,
then the lower the sampling probability pζ , the slower the
convergence rate, much like in the non-cooperative case.
However, in contrast with the non-cooperative approach, in
cooperative schemes the steady-state NMSD decreases as
we reduce pζ . This follows as a consequence of Eqs. (49)
and (53)–(55), and is better visualized from the approximate
model given by (57).

Comparing Results 1 and 2, therefore, we can see that
in both the non-cooperative and cooperative schemes, as we
reduce pζ , the convergence rate deteriorates in comparison
with the case in which every node is sampled, assuming
that the other parameters are kept fixed. However, in the
non-cooperative case, this deterioration is not accompanied
by any change in the steady-state NMSD whatsoever if the
other parameters of the algorithm remain unchanged. Under
the same circumstances, when the nodes do cooperate, the
steady-state NMSD does slightly decrease, although, as we
shall discuss next, it would not be adequate to treat this
as a performance improvement in comparison with the case
in which the nodes are kept permanently sampled. It is
worth recalling that (55) is not applicable to non-cooperative
networks, due to the approximations adopted in its derivation,
i.e., that Φ � τΓ. One possible interpretation for the different
impacts of the sampling probability in both cases is as follows.
The adaptation step is the process through which the algorithm
acquires knowledge about its environment. For this reason, it
is particularly relevant when there is little knowledge about
the optimal system – e.g., during the transient phase. Thus, it
makes sense that by not sampling the nodes in the transient
phase, the convergence rate should deteriorate. However, the
adaptation step also introduces noise into the algorithm, since
it involves the acquisition of the desired signal, which is
corrupted by it. In steady state, the algorithm does not gain
enough information from the adaptation step to continue to
decrease its NMSD, but is affected by the noise that it injects.
The step size directly influences the impact of the measure-
ment noise on the algorithms, since it multiplies dkpnq, and,
therefore, vkpnq in (4a). Thus, the greater the µ, the more the
noise will affect the behavior of the algorithm. Conversely,
if µ is small, this effect is restricted. Following this line of
reasoning, if we cease to sample some of the nodes, there is
less noise entering the algorithm. In a non-cooperative scheme,
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if a node is not sampled, its estimate remains fixed until its
sampling is resumed. Hence, there is no reason why the steady-
state performance should be affected by sampling less nodes,
which is predicted by our theoretical model. However, in the
cooperative schemes, this is changed by the existence of the
combination step. Indeed, (57) shows that we should expect
some decrease in the steady-state NMSD in this scenario, even
if slightly, and at the expense of a great deterioration in the
convergence rate. The theoretical model attributes this to the
parameter τ , which is related to the cooperation between nodes
in (22), since it determines how EtrwT

ℓ pn�1qrwjpn�1qu, for ℓ
and j in the neighborhood of node k, will affect Et}rwkpnq}2u.
The model also shows that when µ is large, the effects of
sampling less nodes on the steady-state NMSD should be more
noticeable, which supports the idea of the step size as a factor
that determines the impact of the measurement noise in the
algorithm. Interestingly, the diagnosis that the adaptation step
injects noise in the algorithm, and that the combination step
tends to remove it, has been raised in, e.g., [26], [28], [46],
but lacked formal theoretical support, until now.

Lastly, it may be interesting to compare the steady-state
NMSD achieved by the algorithm with a certain step size µ
and sampling probability pζ , and the one obtained by utilizing
µ1 � µpζ and maintaining all nodes sampled. Denoting these
quantities by NMSDasync.p8q and NMSDsync.p8q, respectively,
we notice from (57) that, for the topology of Fig. 2, we get

NMSDsync.p8q � pζNMSDasync.p8q. (59)

This is in accordance with [34], in which it was noticed that
the steady-state NMSD of the synchronous networks should
be less than or equal to that of the asynchronous one, if an
adjusted step size is adopted taking pζ into consideration. In
other words, if we adjust the step size, the network with all
nodes sampled should outperform the one with random sam-
pling, as it will present approximately the same convergence
rate, with a lower steady-state NMSD.

IV. COMPUTATIONAL COST REDUCTION

In this section, we seek to estimate the effects of sampling
on the expected computational cost of the dLMS algorithm.
For brevity, we focus on the number of multiplications per
iteration, but a similar analysis could be done for the additions.

We begin by noticing that each sampled node k needs
to perform Mp2 � |Nk|q � 1 multiplications per iteration,
assuming that static combination weights are employed. This is
summarized in Table II, in which the number of multiplications
required at each node k per iteration is denoted by bk and
detailed for each calculation required. We can see that 2M�1
multiplications are related to the adaptation step. Assuming
that none of the operations associated with this step have to
be performed at node k if it is not sampled, we conclude that
the total number of multiplications required at the iteration n
and node k with random sampling can be estimated as

bkpnq � ζkpnq � p2M � 1q �M |Nk|. (60)

Taking the expectations from both sides in (60), we obtain

Etbku � pζp2M � 1q �M |Nk|, (61)

where we dropped the indication of the time instant n since the
right-hand side of (61) remains constant along the iterations.

TABLE II: Estimated number of multiplications per iteration
at each sampled node k.

Calculation Step bk

1 ykpnq � uT
k wkpn� 1q Adapt. M

2 ekpnq � dkpnq � ykpnq Adapt. 0
3 µ � ekpnq Adapt. 1
4 rµ � ekpnqs � ukpnq Adapt. M
5 wkpn�1q�trµ�ekpnqs�ukpnqu Adapt. 0
6

°
iPNk

cikψipnq Comb. M |Nk|

Total Mp2� |Nk|q � 1

Summing (61) for k � 1, � � � , V , we can estimate the
expected computational cost for the whole network as

Etbtotalu � V pζp2M � 1q �M
V̧

k�1

|Nk|. (62)

By replacing pζ�1 in (62), we obtain the number of multipli-
cations required by the dLMS with every node sampled. Thus,
denoting the number of multiplications saved per iteration due
to the sampling by ∆btotal, we can thus estimate it as

Et∆btotalu � V p2M � 1qp1� pζq (63)

by subtracting (62) from the case with pζ � 1.
From (63), we see that the smaller the pζ , the greater the

savings in computation, as expected. Moreover, for a given pζ ,
the number of multiplications saved increases with V and M .

V. SIMULATION RESULTS

In this section, we present simulation results to validate
the theoretical analysis. They were obtained over an average
of 1000 independent realizations, considering the scenarios
summarized in Table III. The Scenario 1 of this table cor-
responds to that of Fig. 1. In every case, the coefficients of
the optimal system wo are drawn from a uniform distribution
in the range r�1, 1s, and later normalized so that wo has
unit norm. Moreover, the length of the adaptive filter is
always equal to that of wo. We consider the network topology
presented in Fig. 3(a), which was generated randomly. The
input signal ukpnq and the measurement noise vkpnq follow
Gaussian distributions with zero mean for each node k, with
σ2
uk

� σ2
u � 1, whereas the noise variance σ2

vk
is drawn

from a uniform distribution in the range r0.001, 0.01s for
k�1, � � � , V , as depicted in Fig. 3(b).

TABLE III: List of scenarios considered in the simulations.

Scenario µ M Combination Rule
Scenario 1 0.1 10 Metropolis
Scenario 2 0.01 10 Metropolis
Scenario 3 0.02 100 Uniform
Scenario 4 0.01 10 Non-Cooperative

This section is organized as follows. In Sec. V-A, we study
the transient performance of the algorithm, in Sec. V-B, its
stability, and in Sec. V-C, its steady-state NMSD.
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Fig. 3: (a) Network topology, and (b) noise variance profile
considered in the simulations.

A. Transient Performance

In Fig. 4, we present the simulation results obtained in
the Scenarios 1, 2, and 3 of Table III, considering pζ P
t1, 0.5, 0.1u, and compare them to the theoretical models of
Sec. III. The sub-figures in the top row present a comparison
with the more precise model of Eq. (48), whereas those in
the bottom row show the comparison with the approximate
model of Eq. (53). Furthermore, each column of Fig. 4
refers to a scenario, with Figs. 4 (a) and (b) presenting the
results obtained in Scenario 1, Figs. 4 (c) and (d) those from
Scenario 2, and Figs. 4 (e) and (f) those from Scenario 3.

From Figs. 4 (a), (c), and (e), we can see that the simulation
results match the theoretical curves very well for all three
scenarios, and that the model accurately predicts the reduction
in steady-state NMSD caused by the sampling of less nodes.
Furthermore, comparing the results of Figs. 4 (c) and (e) with
those of Fig. 4 (a), we can observe that the difference in
performance caused by the sampling is indeed more noticeable
for larger step sizes, as expected. By comparing Figs. 4 (a)
and 4 (b) can see that, in Scenario 1, the approximate model
is less accurate than the one described by Eq. (48). This was
expected, to a certain extent. The same can be said about
Scenario 3, by comparing Figs. 4 (e) and (f). However, we
observe from Figs. 4 (c) and (d) that, in Scenario 2, both
models practically coincide. Hence, we can conclude that the
approximate model of Eq. (53) tends to be more accurate for
relatively low step sizes µ and filter lengths M , and is more
affected by them than the model of Eq. (48).

In order to examine the impact of sampling on the computa-
tional cost under these circumstances, in Table IV we present
the average number of multiplications required per iteration in
the whole network for each pζ considered in the simulations
for M � 10, as in Scenarios 1 and 2, and for M � 100, as
in Scenario 3. We also present the number of multiplications
saved per iteration in comparison with the case in which
every node is sampled, and compare them to the results given
by (63). We can see that the average number of operations
saved per iterations matches Eqs. (63), which can be attributed
to the high number of realizations and iterations considered
in the computations. Furthermore, it is straightforward to see
that the smaller the pζ , the greater the savings in terms of
computation, as expected. Moreover, for a fixed value of pζ ,
the computational cost and the savings increase with M , as

expected. From these experiments, we can summarize the
effects of sampling as follows: smaller sampling probabilities
pζ lead to lower steady-state NMSD and computational costs,
at the expense of a deteriorated convergence rate.

TABLE IV: Average number of multiplications per iteration
in the network for pζ Pt0.1, 0.5, 1u with M�10 and M�100.

pζ
btotal ∆btotal Eq. (63)

M�10 M�100 M�10 M � 100 M�10 M�100
1 �1460 14420 0 0 0 0

0.5 1250 12410 210 2010 210 2010
0.1 1082 10802 378 3618 378 3618

In the simulations of Fig. 5, we consider the Scenario 4 of
Table III, and compare the simulation results to the theoretical
model given by Eq. (31) for the non-cooperative scheme.
Once again, the simulation results closely match the theoret-
ical analysis. Furthermore, the simulations support the idea
that the sampling probability does not affect the steady-state
performance of the algorithm in the non-cooperative scheme,
unlike what was observed in Fig. 4 for the cooperative rules.

B. Effects of Sampling on the Stability

From (30), we concluded that the sampling probability
does not affect the stability of the algorithm so long as µ
is sufficiently small and pζ ¡ 0. However, (30) is not strictly
necessary to ensure the stability of the algorithm in the mean-
squared sense. For instance, the value of µ considered in the
Scenario 3 of Table III does not satisfy (30), but still leads to
the stability of the dLMS algorithm for the network of Fig. 3(a)
with Uniform weights and M �100. Under these conditions,
one obtains ρpΦq � 0.9628 for pζ � 1, which satisfies (49)
and thus ensures the convergence in the mean-squared sense.
For pζ�0.5 and pζ�0.1, we get ρpΦq 1 as well.

To verify if the sampling of the nodes influences the stability
of the algorithm in the general case, we calculated the spectral
radius of the matrix Φ considering M � 100 and the three
combination policies for the network of Fig. 3(a) with µ�0.1
and several values of pζ . The results are shown in Fig. 6 (a),
where we have highlighted with a red horizontal line the
threshold ρpΦq�1. We can see that, for all combination poli-
cies, the adoption of pζ�0 leads to ρpΦq�1. This is expected,
since in this case we get θ � τ � 1, and consequently Φ�Γ,
whose spectral radius is equal to one. Intuitively, this comes
from the fact that the algorithm never acquires any knowledge
on the optimal system if the nodes are never sampled. For the
non-cooperative strategy, ρpΦq increases with pζ , indicating
that the algorithm is unstable for any sampling probability. For
the Uniform and Metropolis combination policies, however,
ρpΦq decreases up to a certain point with the increase of
pζ , and then begins to rise. Interestingly, for both policies,
Fig. 6 (a) tells us that, under the conditions considered, the
algorithm is unstable with all nodes sampled, but we can
stabilize it by sampling less nodes. For the Uniform rule, we
conclude from Fig. 6 (a) that the dLMS algorithm is stable
for pζ Ps0, 0.71s (approximately), whereas for the Metropolis
rule the stability occurs for pζ Ps0, 0.39s. In order to verify
these results, we ran the dLMS algorithm under the same
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model of Eq. (31) for pζ Pt1, 0.5, 0.1u in Scenario 4.

circumstances considered in Fig. 6 (a) with different sampling
probabilities in the range r0.01, 1s for 200 � 103 iterations,
which is more than necessary for the algorithm to achieve the
steady state with pζ � 0.01 and cooperative strategies. Then,
utilizing the isnan and isinf functions of MATLAB®, we
calculated the percentage of realizations in which the dLMS
algorithm diverged at some iteration. The results are depicted
in Fig. 6 (b). We can see that, for the non-cooperative strategy,
the algorithm diverges in 100% of the realizations for all
values of pζ considered. For the Uniform and Metropolis rules,
the percentage of realizations in which the algorithm diverges
is initially zero, and increases steeply as pζ approaches the
limit values of pζ � 0.71 and pζ � 0.39, respectively. For the
former combination policy, the algorithm starts to diverge for
pζ ¡ 0.68, whereas for the latter the first divergences occur
for pζ¡0.41. In both cases, by increasing pζ slightly further,
the algorithm begins to diverge at some point in 100% of

the realizations. Therefore, the simulation results of Fig. 6 (b)
support the theoretical findings of Fig. 6 (a). It is worth noting
that, although the Uniform rule leads to the stability of the
algorithm for a wider range of pζ than the Metropolis rule
in this case, this does not necessarily occur in all scenarios.
For example, for the topology in Fig. 2, the weights coincide
for the two rules and therefore there is no difference between
them in terms of the stability of the algorithm.
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Fig. 6: (a) ρpΦq as a function of pζ , and (b) percentage of
realizations in which the dLMS diverged with µ � 0.1 and
M�100 for pζ Pr0.01, 1s with different combination policies.

C. Steady-State Performance

Lastly, in order to verify Eqs. (50) and (55) in detail, we
ran the ATC dLMS for different values of pζ P r0.1, 1s, and
calculated the average NMSD during the final 20% iterations
of each realization. The results are shown in Figs. 7 (a),
(b), and (c) for Scenarios 1, 2, and 3, respectively. In each
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case, we set the total number of iterations N so that the
algorithms achieved the steady state before the end of each
realization, resulting in 103 ¤ N ¤ 105. We remark that the
simulation results match (50) very closely in Scenarios 1 and
2. In Scenario 3, there is a discrepancy between the simulation
results and the theoretical curve of 0.1 dB, on average. As for
the model of Eq. (55), there is a difference of approximately
0.40 dB in comparison with the simulation results in Fig. 7
(a), on average. In Fig. 7(c), this difference is of roughly 0.23
dB, whereas in Fig. 7 (b) the curve practically overlaps with
the simulation results.
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Fig. 7: Steady-state NMSD for pζ Pr0.01, 1s in: (a) Scenario 1,
(b) Scenario 2, and (c) Scenario 3.

VI. CONCLUSIONS

In this paper, we conducted a theoretical analysis on the
ATC dLMS algorithm with random sampling in a stationary
environment. It was shown that, so long as the sampling prob-
ability is greater than zero, the sampling does not hinder the
stability of the algorithm in the worst-case scenario. Moreover,
there is a slight reduction in the steady-state NMSD, but this is
accompanied by a noticeable deterioration in the convergence
rate. As a result, networks with a random sampling technique
are outperformed by their counterparts in which the nodes
are permanently sampled, if the step sizes are adjusted so
as to obtain the same convergence rate. Lastly, as one might
expect, the sampling of less nodes leads to a reduction in
the computational cost. The simulations support the theoretical
results obtained in the paper. Furthermore, it is interesting to
notice that the effects of the sampling probability observed
in them are not exclusive to the scenarios considered in
this paper, as they were also noted in, e.g., [26], [28]. In
future works, we intend to extend the analysis to: i) non-
Gaussian and/or colored input signals, ii) to scenarios in which
each node k has its own distinct step size µk, sampling
probability pζk , and autocorrelation matrix Ruk

for the input
vector ukpnq, iii) to situations in which the optimal system
varies over time, such as in random-walk scenarios, and iv)

possibly to other solutions, such as the dNLMS and dRLS
algorithms. Finally, it may be interesting to investigate if this
phenomenon also occurs in other types of algorithms, such
as nonlinear solutions like the diffusion Kernel Least-Mean-
Squares (dKLMS) algorithm [20]–[23].

APPENDIX A
DERIVING (22) AND (25)

Taking the expectations from both sides of (21) and using
Assumption A1, we get

Et}rwkpnq}2u � βkkpnq �
¸
iPNk

¸
jPNk

cikcjkxjipnq, (64)

where we have defined

xjipnq�E

"!
rIM�µζjpnqujpnquT

j pnqsrwjpn�1q

� µζjpnqujpnqvjpnq
)T

�
!
rIM�µζipnquipnquT

i pnqsrwipn�1q

� µζipnquipnqvipnq
)*
.

(65)

The analysis of (65) can be broken down into two cases: i)
when j� i, and ii) when j� i. In the first situation, using A3
and A5, and noting that Etζipnqu�Etζ2i pnqu�pζ , we get

xiipnq�EtrwT
i pn�1qrwipn�1qu

�2µpζEtrwT
i pn�1quipnquT

i pnqrwipn�1qu
�µ2pζEtrwT

i pn�1quipnquT
i pnquipnquT

i pnqrwipn�1qu
�µ2pζσ

2
viEtuT

i pnquipnqu.

(66)

Using Assumptions A2 and A4, and following similar
procedures to those used in the analysis of the MSD of the
LMS algorithm, we may write (see pages 803–807 of [37])

EtrwT
i pn�1quipnquT

i pnqrwipn�1qu � σ2
uβiipn� 1q (67)

and

EtrwT
i pn�1quipnquT

i pnquipnquT
i pnqrwipn�1qu �

σ4
upM � 2qβiipn� 1q. (68)

Thus, (66) can be recast as

xiipnq�θβiipn� 1q � µ2pζMσ2
uσ

2
vi , (69)

with θ defined as in (23). Let us now analyze the case in
which j� i. To make this distinction clearer, we shall replace
the index i by ℓ in this case. From A5, we can observe
that Etζjpnqζℓpnqu � EtζjpnquEtζℓpnqu � p2ζ . Thus, using
assumptions A3 and A5, we can rewrite (65) for ℓ�j as

xjℓpnq�EtrwT
j pn�1qrwℓpn�1qu

� µpζEtrwT
j pn�1qujpnquT

j pnqrwℓpn�1qu
� µpζEtrwT

j pn�1quℓpnquT
ℓ pnqrwℓpn�1qu

�µ2p2ζEtrwT
j pn�1qujpnquT

j pnquℓpnquT
ℓ pnqrwℓpn�1qu

(70)

Using A2, A4, and A6, from (70) we can write

EtrwT
j pn�1qujpnquT

j pnqrwℓpn�1qu
�EtrwT

j pn�1quipnquT
i pnqrwℓpn�1qu�σ2

uβjℓpn� 1q (71)
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for any pair of nodes ℓ and j, ℓ�j. Moreover, since the fourth-
order moment from (66) is absent in (70), we may write

EtrwT
j pn�1qujpnquT

j pnquℓpnquT
ℓ pnqrwℓpn�1qu

� σ4
uβjℓpn� 1q (72)

Therefore, with τ defined as in (24), we can write

xjℓpnq�τβjℓpn� 1q. (73)

Thus, replacing (69) and (73) in (64) leads to (22).
As evidenced by (22) and (73), we also need to obtain a

recursion for EtrwT
j pn� 1qrwℓpn� 1qu, for j � ℓ, in order to

analyze the evolution of the MSD of each node. Firstly, we
should notice that we can rewrite rwT

j pnqrwℓpnq as a function
of the local estimates, i.e.

rwT
j pnqrwℓpnq �

¸
sPNℓ

¸
rPNj

csℓcrj rψT

r pnqrψspnq. (74)

Replacing (17) in (74), using Assumption A1, and taking
the expectations from both sides, we arrive at

βjℓpnq �
¸
sPNℓ

¸
rPNj

csℓcrjxrspnq. (75)

Similarly to what we did for (64), the analysis of (75) can be
broken down into two cases: when s�r� t, and when s�r.
In the first case, we have that ctj � 0 and ctℓ� 0 only if the
node t is in NjXNℓ. Thus, in an analogous manner, we get

βttpnq�µ2pζMσ2
uσ

2
vt � θβttpn� 1q. (76)

For s � r, we can write

βrspnq�τβrspn� 1q (77)

Thus, replacing (76) and (77) in (75), we finally obtain (25).

APPENDIX B
ON THE MATRIX Φ

We begin by noting that (25) can be recast as

βjℓpnq �
V̧

r�1

V̧

s�1

crjcsℓrpθ � τqδrs�τ sβrspn� 1q

� µ2pζMσ2
u

V̧

z�1

czjczℓσ
2
vz ,

(78)

for any arbitrary j and ℓ, by simply changing the order in
which the elements are added. Thus, if r � s, βrrpn � 1q,
which corresponds to the MSD of node r, is multiplied by θ
and by crjcrℓ. In contrast, if r � s, βrspn � 1q corresponds
to the trace of the covariance matrix between rwrpn� 1q andrwspn� 1q, and is multiplied by τ and by crjcsℓ. Thus, if we
examine the vector βpnq in (14), we notice that it consists of
V elements between each pair of consecutive MSD’s in the
vector, and V pV � 1q elements related to cross-terms.

Thus, the matrix Φ that appears in (37) is a matrix that has
V columns filled with θ, and between each pair of consecutive
columns, there are V columns filled with τ . These columns
are multiplied element-wise by the corresponding combination

weights. As an example, let us consider a network formed by
only two connected nodes. In this case, we have

Φ �

����
θc211 τc21c11 τc11c21 θc221

θc12c11 τc22c11 τc12c21 θc22c21
θc11c12 τc21c12 τc11c22 θc21c22
θc212 τc22c12 τc12c22 θc222

���� . (79)

We should notice that there are V � 2 columns that are
related to the MSD’s, and, in between them, we have also two
columns, which are related to the covariances. If we focus on
the combination weights, we can see that the matrix Φ carries
information from pCTqbpCTq�pCbCqT, where the equality
follows from the properties of the Kronecker product. It also
carries information from τ and θ. Hence, we can see Φ as
the element-wise multiplication of two matrices, as in (41):
Γ, which is related to the combination weights as in (42), and
Ω, which is related to θ and τ as in (43).

APPENDIX C
AN UPPER BOUND FOR THE STEADY-STATE NMSD OF

COOPERATIVE NETWORKS

For compactness of notation, let us introduce the quantity

ε � bTrIV 2 � τΓs�1σ. (80)

Replacing ε in Eq. (55), we thus obtain

NMSDτ p8q� µ2pζMσ2
uε

V
. (81)

Since ε is a scalar, and the trace of a scalar is the scalar
itself, we can write

ε � Trpεq � Tr
!
bTrIV 2 � τΓs�1σ

)
. (82)

The cyclic property of the trace operator states that we can
write

TrpM1M2M3q � TrpM2M3M1q (83)

for any arbitrary matrices M1, M2 and M3 of appropriate
dimensions. Applying this property twice to (82), we get

ε � Tr
!
σbTrIV 2 � τΓs�1

)
. (84)

Defining S � σbT and G � rIV 2 � τΓs�1, (84) can be
recast more compactly as

ε � TrpSGq. (85)

At this point, it is worth noting that, if Γ is symmetric, so is
the matrix I � τΓ. Recalling that the inverse of a symmetric
matrix is also symmetric, we can conclude that G is also
symmetric. Since Γ � pCbCqT, the matrix Γ is symmetric
if, and only if, C is symmetric. This is guaranteed to occur
if the Metropolis rule is adopted, regardless of the network
topology, for example [1]. In the adaptive diffusion networks,
rules for the selection of the combination weights that lead to a
symmetric matrix C regardless of the topology are sometimes
referred to as “doubly stochastic policies” [1]. If we adopt the
Uniform rule instead, this is not guaranteed, since it is not a
doubly stochastic policy [1]. Nonetheless, the matrix C may
still be symmetric, depending on the network topology.
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On the other hand, the matrix S is not symmetric, and in
general is not positive semi-definite. Nonetheless, it has been
shown in [47] that, for a real N � N matrix M1, and for a
real symmetric N �N matrix M2, we may write

TrpM1M2q ¤
°N

i�1 λip�M1qλipM2q, (86)

where λip�q denotes the i-th largest eigenvalue, and �M1 �

1

2

�
M1�MT

1

�
. With this notation, we have that λ1p�q ¥

λ2p�q ¥ � � � ¥ λN p�q. In other words, λ1p�q represents the
greatest eigenvalue of its argument, i.e., λ1p�q�λmaxp�q, and
λN p�q denotes the smallest one, i.e., λN p�q�λminp�q.

In our context, if C is symmetric, we can replace M2 with
G in (86), and �M1 with

sS � 1

2

�
S� ST

	
� 1

2

�
σbT � bσT

	
. (87)

Doing so, we straightforwardly obtain

TrpSGq ¤ °V 2

i�1 λipsSqλipGq. (88)

It would be useful to estimate λmaxpGq. To do so, we begin
by noticing that Γ is a right-stochastic matrix. As mentioned
in Sec. III-B, the spectral radius of these matrices is equal
to one [44], [45]. Moreover, at least one of their eigenvalues
is necessarily equal to 1. As a result, we know for sure that
λmaxpΓq � 1. Thus, we have that λipΓq P r�1, 1s for i �
1, 2, � � � , V 2 and therefore conclude that λipτΓq P r�τ, τ s,
λipI� τΓq P r1� τ, 1� τ s, and, consequently,

λipGq P
�

1

1� τ
,

1

1� τ

�
. (89)

Moreover, since λmaxpΓq � 1, we conclude from (89) that

λmaxpGq � 1

1� τ
. (90)

We should notice that, as long as (30) holds, we have that
0 ¤ τ ¤ 1, with τ � 1 only if pζ � 0. Thus, for pζ ¡ 0,
we observe from (90) that λmaxpGq ¡ 0. Moreover, since
�1 ¤ λminpΓq ¤ 1, we have that

1

1� τ
¤ λminpGq ¤ 1

1� τ
. (91)

Since
1

1� τ
¡ 0, we thus conclude that

0   λminpGq ¤ λmaxpGq � 1

1� τ
. (92)

We remark that the matrix S � σbT is formed by the outer
product of two nonzero vectors.The rank of such matrices is
equal to one, and their non-zero eigenvalue is given by [44]

λ1pSq � TrpSq � Tr
�
bσT

	
� bTσ, (93)

where we adopted the index “1” because bTσ ¡ 0 and
thus this is the greatest eigenvalue of S. Moreover, since
transposing a matrix does not change its rank, we thus notice
that rankpSq � rankpSTq � 1. Since rankpM1 � Mq2 ¤
rankpM1q � rankpM2q for any arbitrary matrices M1 and
M2 of the same dimensions [44], we thus conclude that

rankpsSq ¤ rankpSq � rankpSTq � 2. (94)

In fact, from (87), we can see that sS will be a rank-two
matrix, unless bT and σ are linearly dependent, in which case
the rank of sS will be equal to one. However, comparing the
vectors bT

� vectIV u and σ given by (40), we notice that
they cannot be linearly dependent unless cki � 0 for every
i � k, i.e., the network is non-cooperative. Since (55) only
holds as valid approximation for the cooperative scheme, we
conclude that, for the scenario we are interested in analyzing,
the rank of sS cannot be equal to one. Finally, we remark that
the rank of sS cannot be zero either, as this would lead to
the conclusion that the steady-state NMSD is equal to zero.
Thus, sS is a rank-two matrix. Since it is also symmetric, and
therefore diagonalizable, this means that sS has exactly two
non non-zero eigenvalues, or one non-zero eigenvalue with
multiplicity two. Let us denote them by λ1psSq and λ2psSq. For
convenience, we use λ1psSq to refer to the greatest eigenvalue
of sS, and λ2psSq to refer to the other one, i.e., λ1psSq ¥ λ2psSq.

Moreover, we notice that

λ1psSq � λ2psSq � TrpsSq, (95)

as all the other eigenvalues of sS are equal to zero. Since
transposing a matrix does not change its trace, Eq. (87) leads to

TrpsSq � Tr pSq . (96)

Thus, using (95), we may write

Tr
�sS� � bTσ. (97)

At this point, recalling (15), we may write

bTσ � TrpIV CRvC
Tq � TrpCRvC

Tq. (98)

Replacing (39) in (98) then yields

bTσ � °V
i�1

°V
k�1 c

2
kiσ

2
vk

(99)

Thus, from (97) and (99), we can write

λ1psSq � λ2psSq � °V
i�1

°V
k�1 c

2
kiσ

2
vk
. (100)

Since
°V

i�1

°V
k�1 c

2
kiσ

2
vk
¡ 0, we conclude that at least one

of the eigenvalues of sS is positive. Since we are considering
that λ1psSq ¥ λ2psSq, we must have

λ1psSq ¡ 0

and, therefore,
λ1psSq � λ1psSq. (101)

In principle, λ2psSq could be either positive or negative,
provided that (100) holds. As discussed previously, it cannot
be equal to zero because rankpsSq � 2. However, Bendixson’s
inequality states that, for any arbitrary matrix M, we have [48]

λmin

�
1

2

�
M�MT

	�
¤RerλpMqs¤λmax

�
1

2

�
M�MT

	�
(102)

for every eigenvalue λ of M. We remark that in (102), Rer�s
denotes the real part. Thus, if we assume that λ2psSq ¡ 0, we
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TrpSGq ¤ 1

1� τ
�

$'''&'''%
1

2

�����
V̧

i�1

V̧

k�1

c2kiσ
2
vk
�

gffffeV
V̧

i�1

V̧

j�1

���
�� V̧

k�1

ckickjσ2
vk

�2
���
�����
,///.///- . (109)

NMSDτ p8q¤ µ2pζMσ2
u

V
� 1

1�τ
�

$'''&'''%
1

2

�����
V̧

i�1

V̧

k�1

c2kiσ
2
vk
�

gffffeV
V̧

i�1

V̧

j�1

���
�� V̧

k�1

ckickjσ2
vk

�2
���
�����
,///.///- , (110)

would have that λminpsSq � 0. In this case, from (87), (101),
and (102) we should be able to write

0 ¤ °V
i�1

°V
k�1 c

2
kiσ

2
vk
¤ λ1psSq. (103)

However, this leads to a contradiction. From (100) and (103)
we respectively get λ1psSq�λ2psSq�°V

k�1 c
2
kiσ

2
vk

and λ1psSq ¥°V
k�1 c

2
kiσ

2
vk

. Both expressions cannot be simultaneously true
if λ2psSq is positive, which contradicts our initial assumption.
Thus, λ2psSq is necessarily negative, and we may write

λV 2psSq � λ2psSq   0. (104)

Therefore, from (88), we get

TrpSGq ¤ λmaxpGqλ1psSq � λminpGqλ2psSq. (105)

From (92) and (104), we notice that λminpGqλ2psSq   0, from
which we may write

TrpSGq ¤ λmaxpGqλ1psSq, (106)

which leads to

TrpSGq ¤ λ1psSq
1� τ

. (107)

Hence, we need to determine λ1psSq. At this point, it is useful

to notice that the matrix sS can be written as sS � 1

2
sSA � sSB ,

where sSA � �
σ b

�
is a V � 2 matrix and sSB �

�
bT

σT

�
is a 2 � V matrix. We then use the fact that the non-zero
eigenvalues of sSA �sSB are the same as those of sSB �sSA, which

corresponds to the 2 � 2 matrix sSB � sSA �
�
bTσ bTb
σTσ bTσ

�
.

After some algebra, we therefore conclude that

λ1psSq � 1

2
pbTσ � }b}}σ}q. (108)

Thus, we have to evaluate }b} and }σ}. From (15), we get

}b}2 � bTb � vectIV uTvectIV u � TrpIV q � V, (111)

and therefore
}b} �

?
V . (112)

As for the vector σ, from (40) we get

}σ} �

gffffe V̧

i�1

V̧

j�1

���
�� V̧

k�1

ckickjσ2
vk

�2
���. (113)

Thus, replacing (99), (112), and (113) in (108), we obtain

λ1psSq�
V̧

i�1

V̧

k�1

c2kiσ
2
vk
�

gffffeV
V̧

i�1

V̧

j�1

���
�� V̧

k�1

ckickjσ
2
vk

�2
���

2
. (114)

Lastly, replacing (114) in (107), we obtain Eq. (109) presented
at the top of this page.

Replacing (109) in (85) and then in (81), we conclude that,
for an arbitrary topology with doubly stochastic combination
weights, the upper bound of the steady-state NMSD is given
by (110), which is also presented at the top of the page. Then,
after some algebraic manipulations, one finally obtains (56).

APPENDIX D
OBTAINING (57)

Firstly, it is useful to note that rIV 2 � τΓs�1 �°8
ni�0pτΓqni � IV 2 �°8

ni�1pτΓqni . At this point, one
useful property of the matrix ΓKV

� 1
V 21V 2�V 2 is that

Γ2
KV

� ΓKV
. Thus, we have that

rIV 2 � τΓKV
s�1 � IV 2 � τ

p1� τqV 2
1V 2�V 2 . (115)

Multiplying (115) from the left by bT leads to

bTrIV 2 � τΓKV
s�1 � bT � τ

p1� τqV 1T
V 2 , (116)

By applying the inverse vec operator to the right-hand side
of (116), we obtain

vec�1

"
bT� τ

p1� τqV 1V 2

*
�IV � τ

p1� τqV 1V�V . (117)

Thus, using (15), (116), and (117), and introducing ξ �
bTrIV 2�τΓKV

s�1vectCRvC
Tu, we can write

ξ�Tr

#�
IV � τ

p1� τqV 1V�V

�
1

V 2
1V�V Rv1V�V

+

� 1

V 2

�
1� τ

1� τ



Trt1V�V Rv1V�V u,

(118)

where we used the fact that CKV
�CT

KV
� 1

V 1V�V and that
12
V�V�V 1V�V . Moreover, from (83), we get

Trt1V�V Rv1V�V u�V TrtRv1V�V u�V
°V

k�1 σ
2
vk
, (119)
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where we took advantage from the fact that Rv is a diagonal
matrix. Thus, we obtain

ξ� 1

V 2

�
1� τ

1�τ



� V �°V

k�1 σ
2
vk
� 1

1�τ

°V
k�1 σ

2
vk

V
. (120)

Finally, replacing (120) in (55) leads to (57).
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